In this paper, we examine static spherically symmetric wormhole solutions in generalized f (R, φ) gravity. To do this, we consider three different kind of fluids: anisotropic, barotropic and isotropic. We explore different f (R, φ) models and inspect the energy conditions for all of those three fluids. It is found that under some models in this theory, it is possible to obtain wormhole solutions without requiring exotic matter. The discussion about the conditions where the standard energy conditions (WEC and NEC) are valid for the fluids is discussed in details. From our results and for our cases, we conclude that for anisotropic and isotropic fluids, realistic wormhole geometries satisfying the energy conditions can be constructed.
INTRODUCTION
From theoretical and observational reasons, it is believed that General Relativity (GR) might be an incomplete theory. During the last few decades, considerable efforts have been made to formulate alternative theories of gravity. In this perspective, scalar-tensor gravity theory appeared as one of the most popular candidates. In 1955, Jordan proposed a complete gravitational theory based on the idea that G (the gravitational constant in GR) plays the role of a gravitational scalar field in accordance with P. A. M. Dirac's argument in such a way that the gravitational constant should be time-dependent [1, 2] . In 1961, Brans and Dicke presented a scalar-tensor gravity theory as an effort to incorporate the Mach's proposal in the Einstein-Hilbert gravitational framework, the so-called Brans-Dicke (BD) theory [3] . This theory has been generalized in different ways, for example by introducing some arbitrary potential functions for the scalar field [4] , or considering a field−dependent BD parameter [5] or introducing inverse curvature correction in BD action [6] or considering a non-minimal coupling between the scalar field and matter systems (chameleonic BD gravity) [7] .
Quintessence scalar tensor theory is one of the minimally coupled theories whose Lagrangian is the sum of Einstein-Hilbert Lagrangian plus a contribution from the scalar field. Non-minimal couplings (NMC) between the scalar field and the scalar curvature R introduce an additional term of the form f (φ)R (where f (φ) is a function of the scalar field φ) in the Lagrangian of quintessence models [8] . NMC models have been employed to discuss various cosmological issues such as: scaling attractor solutions which can provide accelerated cosmic expansion at the present time [9] , oscillating universe [10] , reconcile cosmic strings production with inflation [11] , discuss the phase space analysis [12] , model a modified Newtonian dynamics able to model flat rotation curves in galaxies [13] , discuss some cosmological constraints on weak gravitational lensing in such theories [14] and others. In [15] , authors discussed cosmological perturbations and reconstruction method in a generalized scalar tensor theory, which is an extended form of R f (φ) gravity, with the following Lagrangian
where now f (R, φ) depends on both R and the scalar field φ, V(φ) is the energy potential and w(φ)
is the Brans-Dicke function which in general depends on φ. From this Lagrangian (sometimes called extended quintessence), many different scalar tensor theories can be recovered as special cases. In this extended quintessence theory, various aspects have been discussed, for example:
search of a vacuum energy that can be a possible explanation of the data from high-redshift typeIa supernovae [16] , cosmological evolution in the presence of exponential couplings [17] , study of structure formation based on NMC models [18] , cosmological perturbations of such models in the metric and Palatini formalisms [19] , non-linear structure formation in cosmological models using the method of spherical collapse [20] , among other studies.
Wormholes are hypothetical topological objects that provide a shortcut connecting two distant regions in a space-time or bridging two distinct universes. The study of such geometrical objects started in 1916 by Flamm [21] and then followed by the work of Einstein and Rosen in 1935 [22] .
In the latter work, they found a space-time solution whose geometry consists in two mouths and a throat known as an Einstein-Rosen bridge. Misner and Wheeler introduced the word "wormhole"
for such objects in 1957 [23] . They also showed that wormholes cannot be traversable for standard matter due to its instability. The current interest in wormholes started after the important works done by Morris and Thorne and Yurtsever [24] . They formally presented a metric, the so-called
Morris-Thorne metric, and give some conditions in order to have a traversable wormhole. They showed that wormholes can be traversable provided that they are supported by exotic matter, which involves a stress energy tensor that violates the null energy condition (NEC). There already exists an important number of works exploring the possible existence of wormhole geometries in different physical situations. In the literature, some attempts have been made to reduce the impact of exotic matter and minimize the violation of energy conditions [25] . One interesting approach is the one made by alternatives theories of gravity. The main idea of this approach lies on assuming that the matter which supports the wormhole does not violate the energy conditions but all the new terms coming from the theory produces this violation [26] [27] [28] . The procedure is the following. In all of those modified theories, it is possible to rewrite the field equations using effective fluids defined as the sum of the standard fluid plus a new fluid which represents all the new terms coming from the modified theory. Then, one can impose that the standard matter fluid satisfies the energy conditions (NEC and WEC) but the effective fluids do not. Hence, one can say that those new terms coming from modified gravity are the responsible of the violation of the standard energy needed to support a traversable wormhole. Wormhole solutions have been constructed in various modified theories such as f (R) gravity [26] , f (T) gravity [27] , f (R, T ) gravity (where T is the trace of the energy-momentum tensor) [28] , BD theory [29] - [32] , metricPalatini hybrid f (R) [33] , scalar-tensor teleparallel gravity [34] , in Einstein-Gauss-Bonnet gravity [35] and in others.
In [29] , Agnese and Camera found static spherically symmetric solutions in BD theory which can describe wormhole solutions depending on the choice of post Newtonian parameter γ > 1.
BD theory could admit traversable wormhole solutions for both positive and negative values of BD parameter (ω < −2 & ω < ∞). In this study, the scalar field plays the role of the exotic matter [30, 31] . Ebrahimi and Riazi [32] used a traceless energy momentum to find two classes of Lorentizan wormhole solutions in BD theory. The first one was obtained in a open universe whereas the second wormhole solution was obtained for both open and closed universes. However, the WEC is violated for these solutions. The existence of Euclidean wormhole solutions has also been explored in BD theory and Induced Gravity [36] .
In this paper, we are interested to explore the existence of traversable wormhole geometries in the extended quintessence scalar-tensor theory given by the Lagrangian (1.1). We will study the conditions where the energy conditions are satisfied for three different types of fluids: anisotropic, isotropic and barotropic fluids. In the case of the anisotropic fluid, we will specify the shape function to then find the appropriate regions where the wormhole solutions exist. In the other cases (isotropic and barotropic fluids), the shape function will be analytically and numerically found from the field equations. This paper is organised as follows: Sec. 2 is devoted to present the field equations for the Morris-Thorne metric in our extended quintessence scalar-tensor theory.
Additionally, in this section we will find the general energy conditions for the modified equations under this geometry. In Sec. 3, we study in detail the validity of the energy conditions for anisotropic fluid by assuming an specific shape function. Secs. 4 and 5 are devoted to find and study analytical wormholes solutions for the isotropic and barotropic fluid respectively. Finally, in Sec. 6 we summarize our main results.
WORMHOLE GEOMETRIES IN EXTENDED f (R, φ) GRAVITY
In this section we will present the field equations for the extended f (R, φ) gravity in the MorrisThorne geometry and then study its generic properties to find out the general energy conditions.
The extended f (R, φ) theory is constructed with the Lagrangian (1.1) in such a way that its action takes the following form [37] ,
where κ 2 = 8πG and S m represents the action of the matter. By varying the above action with respect to the metric, we find the following field equations,
2) where = g µν ∇ µ ∇ ν , f R = ∂ f /∂R and T µν = δS m /δg µν is the energy-momentum tensor. Additionally, by taking variations in (2.1) with respect to the scalar field we find the modified Klein-
We can rewrite the field equation (2.2) in an effective form,
where T eff µν is the effective energy-momentum tensor defined as
The metric which could describes static spherically symmetric wormholes is the Morris-Thorne metric which can be written as [24] 
where a(r) represents the redshift function which depends on the radial coordinate r and b(r) is a function which related to the shape function β(r) via
The shape function must satisfy the condition that at the throat r 0 is equal to β(r = r 0 ) = r 0 and then it must increases from r 0 to ∞. For the existence of standard wormholes, the shape function must also satisfy the flaring-out condition which reads
The above condition can be also written in a short way, namely β (r = r 0 ) < 1. In addition, to do not change the signature of the metric, the shape function must also satisfy the condition
Since we are interested on studying wormhole geometries for anisotropic, isotropic and barotropic fluids, we will first derive the equation for the most general of those fluids, i.e., the anisotropic fluid. Then, when it is necessary, the other particular cases (barotropic and isotropic) can be easily recovered. For an anisotropic fluid, the energy-momentum tensor is defined as follows
where ρ, p r and p t are the energy density, radial pressure and lateral pressure of the fluid respectively measured in the orthogonal direction of the unit space-like vector in the radial vector
0 is the 4-velocity which satisfies the conditions
If we consider the above energy-momentum tensor and the Morris-Thorne metric (2.6), the generalized f (R, φ) field equations given by (2.2) become 12) where primes denote differentiation with respect to the radial coordinate r. In GR, wormhole geometries are supported by exotic matter which requires the violation of NEC and WEC. In [38] , Harko et al. discussed wormholes in modified theories and showed that these geometries can be theoretically constructed without the presence of exotic matter. In such scenario, matter threading a wormhole satisfies the energy conditions and the additional geometric components coming from the modified theory are the responsible of the violation of the energy conditions. Hence, the violation of the NEC and WEC are described in terms of the effective energy momentum tensor,
i.e.,
for any W µ time-like vector and any k µ null-like vector. By doing that, we can then impose that the matter satisfies those conditions:
Clearly, if NEC is violated then WEC will be also violated and if WEC is valid, it does not imply that the NEC is satisfied. In the literature, this approach has been discussed in different contexts including f (R) gravity [26] , curvature-matter couplings [39] , braneworlds [40] , f (T) theory [27] and hybrid metric-Palatini f (R) [33] .
Applying the flaring out condition (2.8), one directly notice that NEC needs to be violated for the effective fluid. Hence, to have traversable wormhole geometries we have must impose the conditions ρ eff + p eff r < 0 and ρ eff + p eff t < 0. As we discussed above, those conditions do not imply that the standard matter violates NEC. Thus, we can then impose ρ + p r > 0 and ρ + p t > 0 to ensure that the matter satisfies the NEC, which gives us
Let us clarify that WEC will be valid if the above conditions are true and also assuming that the energy condition is always positive ρ > 0. Thus, for the validity of WEC, we also need to impose that the right hand side in Eq. (2.10) is always positive. For the specific case where there are not tidal forces, i.e., when a (r) = 0, the above conditions become
Hereafter, we will consider f (R, φ) models given in a power-law way given by [41] f (R, φ) = γRφ n , (2.19) where γ and n are constants. Using this model, the field equations become
Now, if we replace (2.19) into (2.3) we get
Additionally, we will assume the following power-law functions for the BD function [42] and the scalar field [43] 
where a 0 , d and ω 0 are constants.
ANISOTROPIC GENERIC FLUID DESCRIPTION
This section is devoted to study wormholes supported by an anisotropic fluid characterized by ρ, p r and p t without specifying any equation of state. Our principal aim is to check the validity of the energy conditions (WEC and NEC) for our model. To do this, we will specify the b(r) radial function as follows [27, [44] [45] [46] [47] [48] [49] 
where σ 2 is a constant and r 0 is the throat of the wormhole, which gives us that the shape function is
This kind of shape function has been used widely in the literature and satisfies all the conditions needed to have a wormhole geometry if σ 2 > −1 (see the flaring-out condition given by (2.8)). Table I shows the values that the shape function takes for different constants σ 2 . 
Additionally, for this section we will also assume that the redshift function is constant (a (r) = 0), or in other words, we will assume zero tidal forces. Using power-law ansatz with model (2.19) and radial function (3.1) into (2.23) and integrating we have scalar potential of the form
Here, c 0 is an integration constant. In the following discussion, we will study the validity of WEC and NEC for the standard matter (see Eqs. (2.15) and (2.16)). Let us then study different different cases for σ 2 to study the validity of the the energy conditions. To do this, we will fix r 0 = φ 0 = d = ω 0 = 1 and κ 2 = 8π for simplicity. Additionally, it can be noticed from the equations that the constant γ which appears from the model (see (2.19)) only will change the behaviour of the wormhole depending on its sign. Hence, we will study mainly two cases for this parameter, namely, when γ = 1 and γ = −1. Let us also divide our study into two main theories:
Brans-Dicke and Induced Gravity.
Brans-Dicke theory
To recover the case of Brans-Dicke theory we need to choose n = 1 with m = −1. Now, we will discuss the validity of the energy conditions for the remaining parameters γ, σ 1 and σ 2 . As we have pointed out before, only the sign of γ changes the physical motion of the wormholes so we will set either γ = 1 and γ = −1. Since we have two free parameter (σ 1 and σ 2 ), we will make region plots to check the validity of all the important energy conditions. For this model we have that the corresponding energy conditions are
We can see that it is not so easy to check the validity of the energy conditions. Let us first study the case where σ 2 = 1 to visualise better the behaviour of the energy conditions. In that case, we are able to create 2D region plots for the validity of the energy conditions. Let us now try to analyse the model for an arbitrary shape function parameter σ 2 . In this case, we have three parameters, namely, γ , σ 1 and σ 2 . As we have said before, the sign of γ is important but not its strength. Figs. 5 show region plots for the validity of the full NEC and WEC for positive and negatives values of γ. One can notice that it is not possible to model wormholes satisfying the full NEC everywhere for positive γ since depending on the location of the observer, that energy condition would be valid or not. For negative values of γ, there are different models depending on σ 2 and σ 1 which ensures that the wormhole is supported by non-exotic matter at every point of the space. In those specific models, the full WEC is always satisfies. 
Induced gravity
In this section, we will study the energy conditions for the Induced Gravity case. To recover this case, we must choose n = 2 with m > 0. Then, we have 4 free parameters, namely m, σ 1 , σ 2 and γ. Doing a similar approach as we did in the previous section, we can distinguish between models that do not violate the energy conditions. Without going into too much details as in the previous section, in this section we will only show the validity of the full NEC and full WEC. If
WEC is valid, all the other energy conditions will be valid too. The validity of WEC will be true if all the following three inequalities hold,
Note that the validity of the last two inequalities do not depend on the parameter m. Hence, the validity of the full NEC will not depend on the parameter m. Figs. 6a and 6b show the validity of NEC for γ = 1 and γ = −1 respectively. Exactly as the Brans-Dicke case, NEC cannot be true for every location when γ is positive. Moreover, the problem comes near the throat. Hence, the full WEC will be also not true at every location for Induced Gravity when γ is positive. On the other hand, for negative γ, it is possible to ensure the validity of NEC for some parameters σ 1 and σ 2 . Fig. 6c shows the validity of WEC for m = 2 and γ = −1. Since ρ depends on m, the validity of WEC will depend on m too. For bigger values of m, the validity of WEC is more constraint. However, it always exists a small range of values of σ 1 and σ 2 where WEC will be true at every location (even near the throat). From the figure one can notice that this small region is 
given by the validity of (3 .7) 
We can easily solve this equation analytically giving us the following shape function
where c 1 is an integration constant and for simplicity we have introduced the con-
. At the throat r = r 0 , we have the condition β(r 0 ) = r 0 . Using this relation, it is easily to get that the throat is located at
. Using the flaring-out condition at the throat, β (r 0 ) < 1, one notices that the condition η > −1 must be satisfied.
By replacing a power-law model described by (2.19) and the above form of the shape function into the modified Klein-Gordon equation (2.3), one can obtain the potential yielding
where c 0 is an integration constant. In the latter, we will study the Brans-Dicke and Induced Gravity cases to analyse the regions when the energy conditions are valid.
Brans-Dicke theory
Taking n = 1 and m = −1, we get f (R, φ) = γRφ which describes Brans-Dicke theory. We will discuss the behavior of β(r), ρ and ρ + p by taking the special case where the parameters 
BAROTROPIC FLUID WITH EOS p r = W(r)ρ
In this section, we will choose a generic varying barotropic fluid with an EoS p r = W(r)ρ which involves radial pressure, energy density and a positive radial function W(r). In [50] , Rahaman et al. have used that type of EoS with a varying parameter. For this section, we will also assume a potential of the form
Here V 0 is a constant. In the following, different forms of the function W(r) will be adopted to analyse different barotropic fluids which can support wormholes.
W(r) = W = Constant
First we take W(r) = W = constant which is a standard barotropic fluid. By replacing this form of EoS in the field equations (2.20)-(2.22), we obtain the following constraint,
The above equation cannot be easily solved analytically, so that we will explore some numerical interesting cases to study it.
Brans-Dicke theory
In case of Brans-Dicke we are using n = 1, m = −1 and by varying the parameters ω 0 , σ 1 , γ, α, W, φ 0 , V 0 we will discuss the behavior of β(r), β (r),
r , β(r) − r, ρ, ρ + p r and ρ + p t . In Fig. 12a , the behavior of the shape function is shown. This figure shows the increasing behavior and meet the inequality β(r) < r. It can be seen from Fig. 13a that β(r)/r → 0 as r → ∞ which means that the spacetime is asymptotically flat. 
Induced gravity
For Induced Gravity, we need to take n = 2 and m > 0 and then by varying the parameters ω 0 , σ 1 , γ, α, W, φ 0 , V 0 , we will discuss the behavior of β(r), β (r),
r , β(r) − r, ρ, ρ + p r and ρ + p t . In Fig. 15a is plotted the behavior of the shape function β(r) versus the radial coordinate.
It can be seen that this function is increasing and then meet the inequality β(r) < r. From Fig. 16a, we can also notice that β(r)/r → 0 as r → ∞ which means that the spacetime is asymptotically flat. The plot in Fig. 16b shows that β(r) − r < 0, which fulfills the condition 1 − β(r)/r > 0.
The throat is located at r 0 = 0.2159 with β(r 0 ) = r 0 . The plot of β (r) is shown in Fig. 15b and β (r 0 ) = −0.108932 which fulfills the flaring-out condition β (r 0 ) < 1. Evolution of NEC and WEC are then shown in Fig. 17 . Here, exactly as in Brans-Dicke case, ρ > 0 and ρ + p r > 0 are satisfied throughout the evolution but ρ + p t > 0 is not satisfied in this case. 
SUMMARY AND CONCLUSION
Wormhole solutions in GR do not satisfy all the standard energy conditions. Other approach is then to modify Einstein field equations in terms of an effective energy-momentum tensor that satisfy the energy bounds and the exotic part of the wormholes are supported by higher order curvature terms.
In this paper, we studied whether in f (R, φ) modified theory, the ordinary matter can support wormholes. In the last decades, it has been mentioned that in highly compacted astrophysical objects, pressures are anisotropic, which means that the tangential and radial pressures are not equal for such objects. Investigating the existence of wormholes for different kind of fluids are then an interesting question to address. To investigate this we have analyzed the behavior of NEC and WEC for three different supporting fluids: a barotropic fluid, an anisotropic fluid and an isotropic fluid. Additionally, we have constructed wormholes satisfying the flaring-out condition β (r = r 0 ) < 1 where r 0 is the throat which satisfies β(r = r 0 ) = r 0 .
To find analyse the physics of wormhole solutions, different methods have been discussed in the literature. One method is to find wormhole solutions giving a specific shape function. On the other hand, a second approach is considering the matter content and then calculate the shape function directly from the field equations.
In our manuscript, we have explored f (R, φ) gravity involving coupling between the Ricci scalar and matter field. Here the resulting equations are highly non-linear and complicated involving unknowns p t , p r , ρ, a, b, f (R, φ). Therefore, we have focused our study in a power-law case f (R, φ) = γRφ n , where γ and n are constants. Then, by choosing n = 1 and m = −1, BransDicke theory is recovered and by choosing n = 2 and m > 0, Induced Gravity is recovered. Then, for an anisotropic, isotropic and barotropic fluids, we have constructed wormhole solutions and then explore the energy conditions.
In the case of an anisotropic matter content, we assumed a specific form of the shape function (power-law type) to obtain a solution and then to check the existence of wormholes. Then, we investigated the validity of standard energy conditions. We have found that in both Brans-Dicke and Induced Gravity, an anisotropic generic fluid verifying all the energy conditions can support a wormhole geometry. However, to satisfy all the energy conditions, we must have negative values of γ. For positive values of γ, the matter given by the anisotropic fluid will violate some of the energy conditions.
In the case of an isotropic fluid p r = p t = p, it is possible to solve the field equations to get the shape function and the potential. The shape function then can be constraint to satisfy the wormhole's conditions. This is valid for a generic power-law f (R, φ) gravity. Then, we found that isotropic fluids satisfying all the energy conditions (WEC and NEC) can support wormholes in both Brans-Dicke and Induced Gravity.
For an anisotropic matter satisfying a barotropic EoS p r = W(r)ρ, the field equations are complicated to solve. Therefore, we studied some special cases numerically focusing on Brans-Dicke and Induced Gravity. This study was carried out by choosing some special values of the parame-ters. We analised the cases where the barotropic function is a constant W(r) = W and also when W(r) = Br l , where B and l are constants. For both cases, we have constraint the parameters in such a way that ensures the conditions to have a traversable wormhole geometry. In both cases, we have found some models where ρ + p r > 0 and also ρ > 0 but ρ + p t can be negative, so that WEC is not always satisfy. Then, for our potential, barotropic fluids in Brans-Dicke and Induced Gravity do not satisfy all the energy conditions to support a wormhole geometry. Note that one can also assume a barotropic EoS p t = W(r)ρ, when now the transverse pressure is related to the energy density. If ones carries out the same analysis mentioned above with the same potential, we also get a similar conclusion: wormholes can be constructed satisfying all the geometric required properties but the full WEC is not satisfy. For this case, one has that ρ + p t > 0 and also ρ > 0 but ρ + p r can be negative.
